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Abstract. Egorov's theorem for transversally elliptic operators, act- 
ing on sections of a vector bundle over a compact foliated manifold, is 
proved. This theorem relates the quantum evolution of transverse pseu- 
dodifferential operators determined by a first order transversally elliptic 
operator with the (classical) evolution of its symbols determined by the 
parallel transport along the orbits of the associated transverse bichar- 
acteristic flow. For a particular case of a transverse Dirac operator, the 
transverse bicharacteristic fiow is shown to be given by the transverse 
geodesic fiow and the parallel transport by the parallel transport de- 
termined by the transverse Levi-Civita connection. These results allow 
us to describe the noncommutative geodesic flow in noncommutative 
geometry of Riemannian foliations. 



Introduction 

The Egorov theorem is a fundamental fact in microlocal analysis and 
quantum mechanics. It relates the evolution of pseudo differential operators 
on a compact manifold (quantum observables) determined by a first order 
elliptic operator with the corresponding evolution of classical observables 
— the bicharacteristic flow on the space of symbols. More precisely, let M 
be a compact manifold and let P be a positive, self-adjoint, elliptic, first 
order pseudodifferential operator on M with the positive principal symbol 
p G S^{T*M \ 0). Let ft be the bicharacteristic flow of the operator P, that 
is, the Hamiltonian flow of p on T*M. Egorov's theorem [8] states that, 
for any pseudodifferential operator A of order with the principal symbol 
o G S^{T*M \ 0), the operator A{t) = e^^^Ae-**-^ is a pseudodifferential 
operator of order 0. The principal symbol at S S^iT*M\Q) of this operator 
is given by the formula 

at{x,i) = aUt{x,0), (x,e)GT*M\0. 

In the particular case P = y^A^, where is the Laplace-Beltrami operator 
of a Riemannian metric g on M, the corresponding bicharacteristic flow is 
the geodesic flow of g on T*M. 
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In |16j . Egorov's theorem was extended to pseudodifferential operators 
acting on sections of a vector bundle ii^ on a compact manifold M. First, the 
authors gave an invariant definition of the subprincipal symbol of a positive, 
self-adjoint, elliptic, first order pseudodifferential operator P S '^^{M,E) 
with the real scalar principal symbol p S 5^(T*M\0) as a partial connection 
along the Hamiltonian vector field of p on T*M. The parallel transport 
along the orbits of the Hamiltonian fiow of p on T*M defined by this partial 
connection determines a fiow (3t acting on S^{T*M\0, End(7r*£^)). Then the 
theorem in [16] says that for any operator A G ^'^(M, E) with the principal 
symbol a E S^{T*M \ 0,End{TT* E)), the operator A{t) = e^^^Ae'^^^ is in 
^'0(M, E), and its principal symbol at e S°{T*M \ 0, End(7r*£;)) is given by 
at = I3t{a). 

\i P = Y^Ag, where Ag is the Hodge-Laplace operator of a Riemannian 
metric g acting on differential forms on M, the corresponding fiow ^t on 
SO(T*M \ 0,7r*End(A£r*M)) is given by the parallel transport along the 
orbits of the geodesic fiow of g on T*M with respect to the Levi-Civita 
connection. 

We also mention the works [J, HI [U \T0\ [27] (and references therein) for 
discussion of Egorov's theorem for matrix-valued operators and relations to 
parallel transport. 

On the other side, in |23j the author proved a version of Egorov's theorem 
for scalar transversally elliptic operators on compact foliated manifolds. For 
this purpose, we used the transverse pseudodifferential calculus developed 
in [21]. The associated algebra of symbols is a noncommutative, Connes 
type operator algebra associated with a natural foliation .F/v on the conor- 
mal bundle N*J^ of the foliation J^. The Egorov theorem stated in ^23] 
relates the quantum evolution of transverse pseudodifferential operators de- 
termined by a first order transversally elliptic operator P with the (classical) 
evolution of its symbols determined by the transverse bicharacteristic fiow 
of P, which is the restriction of the bicharacteristic fiow of P to N*T. We 
also mention related works the Duistermaat-Guillemin trace formula: [22] 
for transversally elliptic operators on Riemannian foliations and [28] for the 
basic Laplacian of a Riemannian foliation. 

The main purpose of this paper is to extend Egorov's theorem to transver- 
sally elliptic operators acting on sections of a holonomy equivariant vector 
bundle on a compact foliated manifold, using ideas of [16]. In this case, it 
is shown that the corresponding classical evolution is given by the paral- 
lel transport along the orbits of the transverse bicharacteristic fiow. Fur- 
thermore, we introduce a natural class of first order transversally elliptic 
operators, namely, transverse Dirac operators with coefficients in an 
arbitrary holonomy equivariant Hermitian vector bundle f , and compute 
the transverse bicharacteristic fiow for these operators. Quite remarkably, 
the associated parallel transport is naturally determined by the transverse 
Levi-Civita connection. 
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The transverse Dirac operators were introduced in [11] . These papers 
mainly concern with the transverse Dirac operators acting on basic sections 
(see also [121 (HI El llBl ES] and references therein) . The index theory of 
transverse Dirac operators was studied in [5]. Finally, spectral triples defined 
by transverse Dirac-type operators on Riemannian foliations were studied 
in [211 [23]. In particular, the results of this paper can be considered as a 
complement of our study of the noncommutative geodesic flow started in 

m- 

I am grateful to D.Jakobson for sending to me a preprint version of the 
paper [16] before its publication and to the referee for useful remarks. 

1. Classes of transverse pseudodifferential operators 

Throughout in the paper, {M,T) is a compact foliated manifold, is a 
Hermitian vector bundle on M, dimM = n, d\m.T = p,p + q = n. 

We will consider pseudodifferential operators, acting on half-densities. 
For any vector bundle V on M, denote by the associated half-density 

vector bundle. Let C°°{M,E) denote the space of smooth sections of the 
vector bundle i?® |rM|^''^, L'^{M, E) the Hilbert space of square integrable 
sections oi E ® \TM\^/^, V'{M,E) the space of distributional sections of 
E (g) \TM\^/^, V'{M,E) = C°°{M,E)\ and H%M,E) the Sobolev space 
of order s of sections oi E \TM\^/'^. Finally, let ^"'{M,E) denote the 
standard classes of pseudodifferential operators, acting in C°°{M,E). 

We will use the classes ^'"^'~°°(M, E) of transversal pseudodifferential 
operators. Let us briefly recall its definition, referring the reader to [21j for 
more details. 

First, for any fc^ G x P x Ii x M?, £(€'')) (here r = mnkE), define 

an operator A : 0^(1"-, C) C°°{r, by the formula 

(1) Au{x, y) = (27r)-« j e'^y-y'^'^kAix, x', y, 7])u{x',y') dx' dy' dr], 

where u G C^{I^, C"), x G P,y G I*^. The function kA is called the complete 
symbol of A. As usual, we will consider only classical (or polyhomogenous) 
symbols, that is, those symbols, which can be represented as an asymptotic 
sum of homogeneous (in ry) components. 

Let X :U C M ^ P X I'i,x' : U' C M ^ IP X I" be a pair of compatible 
foliated charts on M equipped with trivializations of the bundle E over them. 
Any operator A of the form {[Tj) with the Schwartz kernel, compactly sup- 
ported in I" X I", determines an operator A : C^{U, E\jj) ^ C^{U', E\jj,), 
which extends to an operator in (M, E) in a trivial way. The resulting 
operator is called an elementary operator of class ^"^'~^{M,J^,E). 

Definition 1.1. The class ^'^'~°°{M,J^,E) consists of all operators A in 
C°°{M, E), which can be represented in the form 

A = Y,Ai + K, 
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where Ai are elementary operators of class °°{M, T ^ E), corresponding 
to a pair Xj, x- of compatible foliated charts, K G ^'~°°(M, E'). 

2. The principal symbol for transverse ^DOs 

In this Section, we will recall the definition of the principal symbol for an 
operators of class *''"'"°°(M, J^, 

First, we define the principal symbol of A given by ([1]) as the leafwise 
half-density 

(2) a{A){x,x',y,r]) = kA,m{x,x' ,y,r])\dx\^^'^\dx'\'^'''^ , 

where kA,m is the degree m homogeneous component of the complete symbol 
kA- 

Before giving the global definition of the principal symbol, we recall sev- 
eral notions (for more details, see e.g. [24J and references therein). Let 
7 : [0.1] — > M be a continuous leafwise path in M with the initial point 
X = 7(0) and the final point y = 7(1) and Tq and Ti arbitrary smooth sub- 
manifolds (possibly, with boundary), transversal to the foliation, such that 
X E To and y G Ti . Sliding along the leaves of the foliation determines a 
diffeomorphism Ht^t-i (7) of a neighborhood of x in Tq to a neighborhood of 
y in Ti, called the holonomy map along 7. The differential of HtqTx{i) 
X gives rise to a well-defined linear map T^M jT^T — > TyM jTyT , which is 
independent of the choice of transversals Tq and T\. This map is called the 
linear holonomy map and denoted by dh^ : T^M /T^J^ TyM /TyT . The 
adjoint of dh^ yields a linear map d/i* : N*Ty — > N*J^x, where we denote 
by N*J^ the conormal bundle to J-'. 

Denote by G the holonomy groupoid of J^. Recall that G consists of 
equivalence classes of continuous leafwise paths in M, where we set 71 72, 
if 71 and 72 have the same initial and final points and the same holonomy 
maps. G is equipped with the source map s : G — > M, 5(7) = 7(0), and the 
range map r : G ^ M, r(7) = 7(1). 

Let J-N be the linearized foliation in N*T = N*T \ (cf., for instance, 
|25|). The leaf of the foliation Tn through v G N*T is the set of all points 
dh*{u) £ N*J^, where 7 G G, r{-f) = 7r{u) (here vr : T*M ^ M is the bundle 
map). 

Consider a foliated chart x : U <Z M ^ P x on M with coordinates 
{x,y) G IP X I'^ (/ is the open interval (0,1)) such that the restriction 
of JF to {/ is given by the sets y = const, equipped with a trivialization 
of the vector bundle E. We will always assume that the foliated chart 
K is regular, that means that it admits an extension to a foliated chart 
K : V C M — > (—2,2)" with U C V. There is the corresponding chart in 
T*M with coordinates written as {x,y,^,r]) e 1^ x x MP x W . In these 
coordinates, the restriction of the conormal bundle N*J^ to U is given by 
the equation ^ = 0. So we have a chart x„ : C/i C A^*JF P x I'^ x on 
N*J^ with the coordinates {x,y,r]) G x x W^. This chart is a foliated 
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chart on N*T for the hnearized fohation ^jv, and the restriction of J-jsi to 
Ui is given by the level sets y = const, r/ = const. 

The holonomy groupoid Gj^^ of the linearized foliation Fj^i can be de- 
scribed as the set of all (7, u) ^ Gx N*T such that r{'y) = n^v). The source 
map SN '■ GjTj^ N*J^ and the range map : GjTjv N*F are defined as 
SAr(7,i/) = dh*{i>) and rjv(7, z^) = u. We have a map ttg ■ Gj^^ — > G given 
by TTch,'^) = 7- 

The holonomy groupoid Gy^^ carries a natural codimension q foliation ^^r. 
The leaf of Gjy through a point (7, E Gj^^ is the set of all (7', v') £ Gj^^ 
such that u and u' lie in the same leaf in J^j^. Let \TQ]^\^/'^ be the line 
bundle of leafwise half-densities on Gj^^^ with respect to the foliation Q^. It 
is easy to see that 

where s^(|TJ"Ar|^/2) ^nd r^(|rj^^Ar| ^2) denote the lifts of the line bundle 
|r^7v|^'^^ of leafwise half-densities on N*J^ via the source and the range 
mappings sn and respectively. 

Let 'K*E denote the Hft of the vector bundle E to f*M = r*M \ via the 
bundle map vr : T*M — > M. Denote by C{tt*E) the vector bundle on Gjp^, 
whose fiber at a point (7, v) e Gjf^ is the space £((7r*i?)s^(^^,y), (7r*i?)j.^(^ j^)) 
of linear maps from (7r*£^)s^(^,i/) to [-k* E)^^(^^i^ijy 

A section G C°°(Gjrj^, £(7r*S) (g) |r^Ar|^/2) jg gj^j^ )-,g properly sup- 
ported, if the restriction of the map r : Gj^j^ N*J^ to supp is a 
proper map. Consider the space C^'op{G^^,C{Tr*E) ITGnI^/^) of smooth, 
properly supported sections of C{tt*E) ® \TQn\^/'^. One can introduce the 
structure of involutive algebra on C^gp{Gj^j^,£{7r*E) \TGn\^^'^) by the 
standard formulas. Let S"" {G jr^ , C{Tr* E) O ITGnI^^^) be the space of all 
s G C'^gp{Gjr^^C{-n*E) ® \TQn\^^'^) homogeneous of degree m with respect 
to the action of M given by the multiplication in the fibers of the vector 
bundle ttg : Gjr^ — >• G. 

Now let X : [/ C M ^ JP X I?, x' : [/' C M ^ /P X I?, be two compatible 
foliated charts on M. Then the corresponding foliated charts Xn : Ui C 
^ IP X II xR'i, : U{ C N*J' ^ /p x x M^, are compatible with 
respect to the foliation J^j^. So they define a foliated chart V on the foliated 
manifold [Gj^^^Q^) with the coordinates {x,x',y,r]) £ P x P x I'^ x Mfl, 
and the restriction of to V is given by the level sets y = const, r/ = const. 

The principal symbol (j{A) of an operator A £ ^"^'~°°{M,J^,E) given 
in local coordinates by the formula ([2]) is globally defined as an element 
of the space 5'^(G^^, £(7r*S) O ITGnI^/^). Thus, we have the half-density 
principal symbol mapping 

(3) a : ^'^'-^{M,J^,E) ^ S"'{Gr^,C{7r*E) ® ITGnI'^^), 
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which satisfies 

a{AB) = a{A)a{B), a{A*) = a{Ay 
for any A £ ^'^^-'^{M.F.E) and B £ ^'^^-'^{M.F.E). 

Example 2.1. Suppose that a foliation .F on a compact manifold M is 
given by the fibers of a fibration f : M ^ B over a compact manifold B. 
Then, for any x G M, N*J- coincides with the image of the cotangent map 
/* : T*(^)-B T*M. The inverse map (/*)"^ : T*M T*^^^B is a fibration 
whose fibers are the leaves of the linearized foliation T^. Thus, we have the 
diffeomorphism 

{{x,0 eMxT*B: fix) = ttbIO} ^ ^ fiO G KJ^, 

where ttb '■ T*B — > S is the cotangent bundle map. So the diagram 



if*)-' 



f 



T*B > B 

commutes, and N*J^ can be considered as the pull-back of the bundle / : 
M ^ S to T*B: 

(4) N*J^ ^ 7r%{M) = {(x,0 eMxT*B: f{x) = 7r(0}. 

The holonomy groupoid G of is the fiber product 

MxbM = {{x,y) eMxM: f{x) = f{y)}, 

where s{x,y) = y,r{x,y) = x. The holonomy groupoid Gj^j^ can be identi- 
fied as above with 

N*J^ XT*B N*T ^ {{x, y,0&MxMxT*B: f{x) = f{y) = 7rB(0}, 

where sn{x, y, ^) = y, rN{x, y, ^) = x. So we have the commutative diagram 

G^, ^ G 



T*B > B 

■Kb 

and the foliation Qn is given by the fibers of the fibration Gjr^ T*B. 

For any ^ G T*B, let ■^-°°{{N*J^)^,{'k*E)^) be the involutive algebra 
of all smoothing operators, acting on the space of smooth half-densities 
C^{{N*J^)^,{n*E)^), where (A^*;^)^ is the fiber of the fibration AT* J" ^ 
T*B at ^ and (7r*E)^ is the restriction of Tr*E to {N*J^)^. Consider a sheaf 
^-'^{N*T,'K*E) of involutive algebras on T*B whose stalk at ^ G T*B is 
^'-°°((iV*j^)^, {7r*E)^). For any section a of the sheaf *-^(Af*J^, 7r*£;), the 
Schwartz kernels of the operators a{^) determine a well-defined section of 
£{Tr*E) (g) ITGnI^/^ over Gjr^v = N*J' Xt*bN*J^. We say that a is smooth, 
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if the corresponding section is smooth. This defines an algebra isomorphism 

oi^-'^{N*T,TT*E) with C7°°(G^^,£(7r*S)® irgTvl^/^)- 

Remark 2.2. Suppose as above that a fohation on a compact manifold M 
is given by the fibers of a fibration f : M ^ B over a compact manifold B. 
If we consider the cotangent bundle T*M as a symplectic manifold equipped 
with the canonical symplectic structure, then N*J^ is a closed coisotropic 
submanifold, and the linearized foliation coincides with the null-foliation 
of this coisotropic submanifold, that is, TJ^n is the skew-orthogonal com- 
plement of T{N*T) in T{T*M). It is well-known that the fiber product 
N*J^ N*T is a canonical relation in T*M, which is often called the 

flowout of the coisotropic submanifold N*T. The algebra of Fourier integral 
operators associated with this canonical relation was introduced in p^. In 
this particular case, it coincides with the algebra ^*~'^{M,T,E). 

For an arbitrary compact foliated manifold (M, T) , one can consider Gj^^ 
as an immersed canonical relation in T*M, and the associated algebra of 
Fourier integral operators also coincides with ^*'~^{M, J^, E). One has to 
be only a little bit careful, defining the algebra of Fourier integral operators 
associated with an immersed canonical relation (see |21] for more details). 

3. Transverse principal and subprincipal symbols 

Recall that the principal symbol of an operator P E ^"^{M, E) is an 
element of the space S"" (T*M, End(7r*£')) of smooth sections of the vec- 
tor bundle End(7r*S), homogeneous of degree m with respect to the M- 
multiplication in the fibers of End(7r*ii^). 

By definition, the transversal principal symbol cr{P) of P £ ^^(M,E) is 
the restriction of its principal symbol to N*T. So we have 

a{P) E S™(iV*.F,End(^*^)). 

The principal symbol of P in a foliated chart is given by the top degree 
homogeneous component Pm of its complete symbol p, and the transverse 
principal symbol is given by 

a(P)(x, y, ?7) = pm{x, y, 0, rj), (x, y, r]) £ F x I'^ x M^. 

Before passing to the definition of the transverse subprincipal symbol, we 
recall the concept of a partial connection. 

By a partial connection on a vector bundle V over a smooth manifold 
X along a vector field t; on X we will understand a linear map Vt, : 
C°°{X,V) C^{X,V) satisfying 

yvifs)=vif)s + fV,{s), /eC°°(X), seC'^{X,V). 

If we fix a trivialization of V over an open subset U C M, then one can 
write 

Vv = V ■ id + r 
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on C°°([/,C^) for some T £ C°°(C/, End(C^)). Under a change of trivi- 
alizations by a function T S C°°(C/, GL(A^, C)), we get the transformation 
law 

r' = T-^FT + T-^v{T). 

Let ft'.X^Xhe the flow on X generated by v. One can define the parallel 
transport on V along the orbits of v as follows. Let x £ X and w £ Vx- Let 
the section r G [0,t] w{t) £ ^fr{x) is a solution in local coordinates of 
the Cauchy problem 

dw{T) 



dr 



T{U{x)), rG[0,t], 



f (0) = w. 

The parallel transport of w along the orbit {frix) : r G [0, t]} is defined as 
at{w) =w{t) £ Vf^(x)- 

The parallel transport determines a flow at on the vector bundle V which 
projects to the flow ft on X under the bundle map V ^ X and makes V 
an M-equivariant vector bundle. 

The induced flow a*t on C°°{X, V) satisfies 

(5) ja*tS = V,{als), s£C^{X,V). 

Now we go back to the foliation setting. Assume that an operator P £ 
^"^{M^E) has the scalar and real principal symbol pm G C°°(T'*M). Let 
Xp^ be the Hamiltonian vector field of pm- Recall that, in a foliation chart, 
Xpm is given by 

3 — 1 ^ — 1 

As in we define the subprincipal symbol of an operator P £ ^''"(M, E) 
as a partial connection ^ sub{P) on ■k*E along the Hamiltonian vector field 
Xp^. In local coordinates, we have 

^sub{P) = Xp^ + ipsub, 

where 

Vsub{x, y, ^, f]) = Pm-i{x, y, ^, v) 

- ^ E ^) - ^ E 

Now in addition assume that the transverse principal symbol of P G 
^'^(M,E) is holonomy invariant. A function a £ C°°{N*J^) is called holo- 
nomy invariant if it satisfies the following condition: 

a{dh;{u))=a{u), j£G, £ K^^^J^. 
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In a foliation chart, holonomy invariance of a means that 

a{x, y, rj) = a{y, rj), {x, y, tj) £ P x I" x R«. 

Observe also that a G C°°{N*T) is holonomy invariant if and only if it is 
constant along the leaves of J^n- 

Under these assumptions, the vector field Xp^ is tangent to N*T. We 
define the transverse subprincipal symbol of P as the restriction of its sub- 
principal symbol to N*T. In a foliated coordinate chart, it is given by 

Vsub{P)=Xp^+iasub{P), 

where 

(6) crsub{P){x, y, r]) = Pm-i{x, y, 0, rj) 

4. A ^*(M, £')-BIMODULE STRUCTURE 

In this Section, we will study the structure of a ^'*(M, £')-bimodule on 
the algebra ^*'~°°{M, J^, E) given by the composition of operators. An 
important new statement is the corresponding formula for the complete 
symbols, which is given in the following theorem. 

Theorem 4.1. // A is given by (QP with some Ua G S''^^{P x P x P x 
M^£(C'')) and B G ^i'^^{P,C), then AB and BA are given by ^) with 
some kAB G S"'^+"'^{P xPxPx Ri, Ci^)) and ksA G 5'"i+™2(/p x /p x 
P X M'?,£(C)), which admit the following asymptotic expansions 

kAB{x,x',y,i]) r~.J2-^d^d^b{x,y,0,v)DxDyf^A{x,x',y,'n), 



kBA{x, x', y,v) ^Yl -^^x'd^kAix, x' , y, r]){-d^)°'D'^b{x' , y, 0, rj). 

The proof of this theorem can be achieved by a straightforward modifica- 
tion of the standard arguments. As an immediate consequence, we get: 

Proposition 4.2 ([2l]). If A e ^'^^-'^{M,P,E) and B G ^"^^{M.E), 
then AB and BA in ^"'^+"^^~°°{M,J^,E) and 

a{AB) = a{A) • r*j^cT{B), a{BA) = s*i^a{B) ■ a{A). 

Now we assume that B G (M, E) is such that the principal symbol of 
is real and scalar, and its transverse principal symbol is holonomy invariant. 
By Proposition l42l it follows that, for any A G ^'"i (M, J^, i?) , the opera- 
tor [A,B] belongs to ^''^^^'^■^-'^^^^{M,J^,E). Using TheoremSH one can 
compute the principal symbol of [A, B] . 

Denote by 6^2 the principal symbol of B. As above, Xb denotes the 
restriction of the Hamiltonian vector field of to N*T. Since X^, is an 
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infinitesimal transformation of JTjv, there exists a vector field TCb on Gj^j^ 
such that dsNiJib) = X\j and drMiJib) = In local coordinates, TLh is 
given by 

nb{x,x',y,r]) = '^d^^bm2{x,y,0,r])— + ^ ^^^^^^(x', y, 0, r?) — 
j=i ■? j=i j 

Denote by £7^;^ the Lie derivative on the space C^gp{Gj^j^ , \TGn\^^'^) by 
the vector field Tib- In a foliated chart, it defines a derivative on the space 
C^op{G:Fj,,C{7^*E)(S)\TgN\^^^). For any A: e £(^*S)®|rg^| ^2) 

of the form A; = k{x,x' ,y,r])\dx\^^'^\dx'\^^'^ , we have 

Cn^k = [nbk{x,x',y,r]) + - ^ D^^.^^^a (a^, y, 0, r?)A;(x, x', y, r/) 

i=i 

1 ^ 

- 2 H -^^j % ^"^2 y' 0, r/) fc(x, x' , y, ry)^ I dx| | dx'| , 

(x,x',y,ry) £ P x P x P x M'?. 

The transverse subprincipal symbol of the operator i? considered as a 
partial connection on N*J^ along Xb yields the corresponding partial con- 
nection on the space C^^p{Gjr^, £(7r*£')(8)|T^7v|^^^) along Hb- In a foliation 
chart, for any k € C^gp{Gjr^^C{'K*E) ® \TQn\^^'^), we have 

V-H^fc = Cn^k + i{k ■ rlfasub{B) - sljasubiB) ■ k). 

By a straightforward calculation, Theorem 14.11 implies the following result. 

Theorem 4.3. Let A G ^''"i (M, J^, and B G ^"'■'{M,E). Suppose that 
the principal symbol of B is real and scalar, and the transverse principal 
symbol of B is holonomy invariant. Then 

(7) a{[B,A]) = \vn,^{A). 

5. Transverse bicharacteristic flow 

In this Section, we give a definition of the transverse bicharacteristic flow 
associated with a first order transversally elliptic operator. 

Consider an operator P G ^^{M,E) which has the real scalar princi- 
pal symbol and the holonomy invariant transverse principal symbol. Let 
p G S'^{T*M) be the principal symbol of P. The Hamiltonian flow ft of p 
preserves N*!F, and its restriction to N*T (denoted also by ft) preserves 
the foliation Tjsi, that is, takes any leaf of J-m to a leaf. Moreover, one 
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can show that there exists a flow Ft on Gj^j^ such that sn o Ft = ft o sn, 
rN o Ft = ft o rN, which preserves the fohation Qn. Actually, this flow is 
generated by the vector field Tip introduced in Section HI It is easy to see 
that the flow Ft depends only on the 1-jet of the principal symbol of P along 
N*T. 

Let Ot be the flow on C°°{N*J^,Tr*E) determined by the subprincipal 
symbol V*'"*(P) of P (see ([5])). It induces the flow Ad{at)* on the space 
C^.^p{G:fj^,C{'^*E) (8) |rgAr|i/2), which satisfies 

^ Ad(at)*A: = Vn.k, k G C7p~ ^(G^^, £(7r*i?) ITGnI'/^). 

This flow will be called the transverse bicharacteristic flow of P. One can 
show that 

Ad(a()* o = slf o a*t, Ad(a()* o = o a*. 

Now consider a transversally elliptic operator A G ^'^(M, which has 
the positive scalar principal symbol and the holonomy invariant transverse 
principal symbol. (Recall that an operator P G ^"^{M,E) is said to be 
transversally elliptic, if <Jp{v) is invertible for any v G N*T.) Let 02 G 
S'^{T*M) be the principal symbol of A: 02 > 0. Then the operator ^/A 
is not, in general, well defined, and even if A is positive self-adjoint and 
the operator ^/A is a well defined positive operator in L'^{M,E), it is not, 
in general, a pseudodifferential operator. Nevertheless, we can define its 
transverse bicharacteristic fiow, working at the level of symbols. 

By assumption, 02 is positive in some conic neighborhood of N*T. Take 
any scalar elliptic symbol p G S'^(T*M), which is equal to -^02 in some 
conic neighborhood of N*T (indeed, it is sufficient that the 1-jets of p and 
coincide on N*J^). Proceeding as above, we obtain the flow Ad(at)* on 
C^gp^GjTj^ , C{tt* E) \TQ]\f\^^'^), which is independent of a choice of p and 
will be called the transverse bicharacteristic flow of ^/A. 

Example 5.1. Suppose that is a Riemannian foliation and gM is a bundle- 
like metric on M. Recall that a Riemannian metric gM on M is bundle-like, 
if the induced metric on the normal bundle Q = TM/TT is holonomy 
invariant, that is, for any continuous leafwise path 7 from x to y, the cor- 
responding linear holonomy map dh^ : Qx — > Qy is an isometry (see, for 
instance, [25^ I26j for more details on Riemannian foliations). 

For any x G So we have a smooth vector subbundle 

T^M of TM such that 

(8) TM = T^M e TJP. 

There is a natural isomorphism M = Q. Observe also natural isomor- 
phisms T^M* ^ Q* ^ N*J'. 



12 



YURI A. KORDYUKOV 



The decomposition ^ induces a bigrading on AT*M: 

k 

A^r*M = 0A^'^-*T*M, k = 0,l,...,n, 

i=0 

where A''^T*M = JVTT* ® JsJT^M*. In this bigrading, the de Rham 
differential d can be written as 

d = dp + du + 0, 

where dp and dn are first order differential operators (called the tangential 
de Rham differential and the transversal de Rham differential accordingly), 
and is a zero order differential operator. 

By definition, the transverse signature operator is a first order differential 
operator in C°°{M,AT^M*) given by 

Dh = dn + d*H. 

The principal symbol of D'^ (see Theorem 19.21 below) is given by 
a2(x, = /'(P^(x, O^P'^ix, 0), (x, G T*M, 

where is the induced metric on T*M, : T*M T^M* is the 
orthogonal projection. The holonomy invariance of the transverse principal 
symbol is equivalent to the bundle-like property of the metric. 

The transverse bicharacteristic flow of the operator (Dh) = {D^ + I)^^"^ 
coincides with the transverse geodesic flow 7*^ of (7m, which is the restriction 
of the geodesic flow of gM to N*J^. 

Example 5.2. Suppose that a foliation JF on a compact manifold M is 
given by the fibers of a fibration f : M ^ B over a compact manifold B. 
A Riemannian metric qm on M is bundle-like if and only if there exists a 
Riemannian metric gB on B such that, for any x G M, the tangent map 
induces an isometry from {T^ M, gMlr^ m) to {Tf(^^^B,gB), or, equivalently, 
/ : {M,gM) — > iB,gB) is a Riemannian submersion. Then the transverse 
geodesic fiow 7*^ of gM projects under the map /* to the geodesic fiow 
of gs that implies commutativity of the following diagram 







/* 






r 










T*B 


y T*B 



Commutativity of this diagram allows us to lift the flow 7* to the holonomy 
groupoid Gyr^ = N*T Xt*bN*T as above. 

Example 5.3. Suppose that, in the setting of the previous example, the 
flbration f : M ^ B is a principal X-bundle with a compact group K. The 
group K has a natural Hamiltonian action on the cotangent bundle T*M. 
The conormal bundle N*J^ is a ii'-invariant submanifold of T*M, and the 
fibration {f*)~^ : N*J^ — > T*B is a principal X-bundle. 
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Suppose that a; is a connection on the principal bundle f : M ^ B. It 
gives rise to a decomposition 

where Vm is the vertical space and H„i is the connection's horizontal distri- 
bution. The vertical space Vm is naturally isomorphic to the Lie algebra t of 

and the horizontal space Hm is identified with the tangent space Tf(^m)B 
to the base. Choose a Riemannian metric on B and a bi-invariant metric on 

and define a iC-invariant Riemannian metric on M, by requiring that, 
on Vm, it is induced by the fixed bi-invariant metric on on Hm, it is the 
lift of the Riemannian metric on B, and Vm and Hm are orthogonal. Such a 
metric is sometimes called the Kaluza-Klein metric of the connection. The 
fibers of the bundle f : M ^ B are totally geodesic submanifolds, which are 
isometric to K. 

The pull back of the connection form cj on M defines a connection form 
TT^^ju; on the principal bundle (/*)^^ : N*T —>■ T*B. The transverse geodesic 
flow 7^ of the Kaluza-Klein metric is described as follows. For any u G 
N^T, the element Jt ^'^) ^ N*J^ is obtained by the parallel transport of u 
along the orbit {-fr HD'^i^)) ■ t e [0,*]} of the geodesic flow 7f on T*B 
with respect to the connection tt^lo. 

Example 5.4. Now suppose that a fibration f : M ^ B as above is the or- 
thonormal frame bundle F{B) — > i? of the Riemannian manifold B. So, for 
any x £ B, the fiber F{B)x consists of all orthonormal frames (f i, f2, • • • , Vq) 
in TxB. It is a principal bundle with structure group 0{q). The Rie- 
mannian metric on B gives rise to a natural (Levi-Civita) connection on 
/ : F{B) — > B. Fix a bi-invariant Riemannian metric on 0{q) and consider 
the corresponding Kaluza-Klein metric on F{B). 
By di]), it follows that 

N*J^ ^ {{{vuV2, . . . , vg),0 G F{B), X T:B -.xeB]. 

For any ((^1,^2, • • • , Vq),£^) G N*J^, the action of the transverse geodesic flow 
7*^ is described as 

-f^H{vi,V2, ...,Vg),0 = {{vi{t),V2{t), . . . , Vg{t)),^{t)), 

where ^{t) = 7^(0 and, for any i = 1,... ,q, the vector Vi{t) is obtained 
by the parallel transport of Vi along the geodesic {vr(7^(.^)) : r G [0,t]} 
with respect to the Levi-Civita connection on TB. Since ^{t) = can 
obtained by the parallel transport of ^ along the geodesic {7r(7^(^)) : r G 
[0,t]} with respect to the Levi-Civita connection on T*B, the transverse 
geodesic flow has q first integrals Ii, I2, ■ ■ ■ , Iq G C°°{N*J^) given by 

Ij{{vi,V2,. . . ,Vq),C) =iivj), J = l,•••,9• 
There is a natural global right action of the group SO{q) in the fibers of 
the bundle 



N*J^ ^ T*B, {{vi,V2, Vq),0 G N*J^ ^ ^ G T*B. 
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For every orthogonal matrix A = (aij) G SO{q) and any ((f i, f2, • • • , Vq),^,) E 
N*J^ we put 

(q q 9 \ 

1=1 i=l i=l / 

This action obviously commutes with the transverse geodesic flow 7/^^. More- 
over, we have 

q 

Ij{A{vi,V2, . . . , Vq),C) = ^ Ii{{vi,V2, Vq),C)aij. 

i=l 

Therefore, the restrictions of the transverse geodesic flow to the level 
sets {N*T)c defined by 

Ij{{vi,V2, ■ ■ ■:Vq),C) = Cj , j = l,2,...,q, 

are isomorphic for different values of c = (ci, C2, . . . , Cg) G M*?. It is easy to 
see that, for any c G R'^, {N*J^)c can be identified with the frame bundle 
F{B), and, for c = (1, 0, . . . , 0), the restriction of 7^*^ to {N*T)c is precisely 
the frame flow on F{B) (see [16J and references therein). 

6. Egorov's theorem 

Let D G '^^{M^E) be a formally self-adjoint, transversally elliptic op- 
erator such that has the scalar principal symbol and the holonomy in- 
variant transverse principal symbol. By [21j, the operator D is essentially 
self-adjoint with initial domain C°°(M, E). Define an unbounded linear op- 
erator {D) in the space Lp'{M,E) as 

{D) = {D'^ + Ifl^. 

By the spectral theorem, the operator {D) is well-defined as a positive, self- 
adjoint operator in L'^{M,E). It can be shown that H^{M,E) is contained 
in the domain of (D) in LF'{M,E). 

By the spectral theorem, the operator {DY = (D"^ + If/'^ is a well- 
defined positive self-adjoint operator in = L'^{M, E) for any s G M, which 
is unbounded if s > 0. For any s > 0, denote by Ti.^ the domain of (D)^, 
and, for s < 0, W = (W"")*. Put also = r\s>o'^'^ = CH )*■ 

It is clear that i?^(M, E) C W for any s ^ and C H'{M, E) for any 
s < 0. In particular, C'^{M,E) C W for any s. 

We say that a bounded operator A in 71°° belongs to C{Ti.~°° ,Ti.°°) (resp. 
IC{7i~^ ,7i°°)), if, for any s and r, it extends to a bounded (resp. compact) 
operator from W to Ti.^, or, equivalently, the operator {Uy A{D)~^ extends 
to a bounded (resp. compact) operator in L'^{M,E). It is easy to see 
that C{n-°°,n°°) is a involutive subalgebra in C{n) and /C(W-°°,W°°) 
is its ideal. We also introduce the class C^{l-L~°° ,71°°), which consists of 
all operators from IC{Ti.^°° ,Ti.^) such that, for any s and r, the operator 
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{Oy A{D)^^ is a trace class operator in L'^{M,E). It should be noted that 
any operator K with the smooth kernel belongs to C^(7{~°°,Tl'^). 

By the spectral theorem, the operator (D) defines a strongly continuous 
group e**^^'* of bounded operators in L'^{M,E). Consider a one-parameter 
group of *-automorphisms of the algebra C{Lp'{M,E)) defined by 

$^(r) = e^*<^>re-**<^\ T e C{L'^{M,E)), teR. 
The main result of the paper is the following theorem. 

Theorem 6.1. Let D £ "^^(M^E) be a formally self- adjoint, transver sally 
elliptic operator such that has the scalar principal symbol and the holo- 
nomy invariant transverse principal symbol. For any K £ ^"^~°°{M,J^,E), 
there exists an operator K{t) £ ^"^-°°{M,J=',E) such that^t{K)-K{t),t G 
M, is a smooth family of operators of class C^{7{~°°,7{°°). 

Moreover, if k £ S''^{Gyr^, C{'ir*E) (gi \TQ]sf\^/'^) is the principal symbol 
of K , then the principal symbol kt € S™'{Gyr^, C{it*E) \TQi\i\^^'^) of the 
operator K{t) is given by 

(9) kt = Kd{atY{k), 

where Ad(a()* is the transverse bicharacteristic flow of the operator {D). 

Proof, hei C{V'{M,E),n°°) (resp. C°°(M, ^))) be the space of all 

bounded operators from V'{M,E) to n°° (resp. from n~°° to C°°{M,E)). 
Since any operator from ^'~^(M, E) with N > dimM is a trace class opera- 
tor in L'^{M,E), one can easily see that C{V'{M, E),n'^) C C\n-°°,n°°) 

and c{n-°°,c°°iM,E)) c c^(n-°° ,n'^). 

As shown in [23], the operator (D) = {D"^ + 1)^/"^ can be written as (D) = 
P + R, where P £ ^^{M, E) is a self-adjoint, elliptic operator with the pos- 
itive, scalar principal symbol and the holonomy invariant transversal princi- 
pal symbol, and, for any K G '^*'-^{M,J^,E), KR G C{n-°° , (M , E)) 
and RK e C(V'{M, 

Denote by e**^ the strongly continuous group of bounded operators in 
L'^{M,E) generated by the elliptic operator iP. For K G ^"^-°°{M,J=',E), 
let ^f{K) = e'^^Ke-"-^^. It is shown in [23j that the operator $f (K) = 
^itPj^^-itP ig ^^^-•^{M,T,E), and ^t{K) - ^f{K),t E M, is a smooth 
family of operators of class C^iH-^ ,71°°). So we can take K{t) = ^f{K). 
It remains to compute the principal symbol of (^f{K). 

Without loss of generality, one can assume that the elliptic extension p 
of p introduced in Section [5] to define the transverse bicharacteristic flow 
coincides with the principal symbol of P. We have 

|cI>f(K) = [.P,<I>f(K)], tGM, ^^{K) = K. 

Recall (cf. ([5])) that the function kt given by ([9]) satisfies the following 
equation 

(10) ^kt = Vn.kf 
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Let KQ{t) be any operator from ^™''~°°(M,J^,E) with the principal symbol 
kt. Then, by and i^, it follows that 

^^Ko{t) = [iP,Ko{t)] + R{t), teR, 

Ko{0) = K + Ro. 

where Rit) G ^"'-^-'^{M,J^,E),t G M, and Rq E ^'^-^-°°{M,J^,E). It is 
easy to see that 

Ko{t) - < (K) = /* <!>t-r{R{r))dT + MRo), 
Jo 

that immediately implies that Ko{t) - ^[{K) e ^r™"! -°°(M, J=',E). □ 

7. Preliminaries on transverse Dirac operators 

Let M be a compact manifold equipped with a Riemannian foliation 
of even codimension q and £ a Hermitian vector bundle over M equipped 
with a leafwise flat unitary connection V^. Suppose that is a bundle- like 
metric on M. 

As above, let M = T^T^. Let Ph (resp. Pp) denotes the orthogonal 
projection operator of TM = M © TJ^ on M (resp. TJT). There is 

the canonical flat connection V in T^M, defined along the leaves of J- (the 
Bott connection) given by 

VxN = Ph[X,N], X£C°°{M,TT), N £ C°°{M,T^M). 

Denote by the Levi-Civita connection defined by gM- The following 
formulas define a connection V in M (called the transverse Levi-Civita 
connection): 

VxN = Ph[X,N], X G C°°(M,rj^), NGC^iM^T^M) 

^^^^ VxN = PhV^N, X £ C°°{M,T"M), N £C'^{M,T"M). 

It turns out that V depends only on the transverse part of the metric qm 
and preserves the inner product of M. This connection will be called the 
transverse Levi-Civita connection. 

Denote by TZ the integrability tensor (or curvature) of M. It is the 
2-form on M with values in TT given by 

n,{hj2) = -Pf[L ~f2\{x), fi, h G T^M, 

where, for any / G T^M, f G C°°{M,T^ M) denotes any infinitesimal 
transformation of J^, which coincides with f at x. 

Since the Levi-Civita connection V'^ has no torsion, for any /i,/2 G 
C°°{M,T"M), we have 

(12) V/j2 - V/Ji = PH{[flj2]) = [/l,/2] +7^(/l,/2). 

Let denote the leafwise Riemannian volume form of J^. Let / G 
T^M and let / G C°°{M,T^ M) denote any infinitesimal transformation 
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of JF, which coincides with f at x. The local flow generated by / preserves 
the foliation and gives rise to a well-defined action on hPT*T. The mean 
curvature vector field r G C°°{M, M) of T is defined by the identity 

LjUj: = gM{T,f)ujJ^ 

If ei , 62 , . . . , Cp is a local orthonormal frame in TJ^, then 

i=l 

Assume that is transversely oriented and the normal bundle Q is spin. 
Thus the SO{q) bundle 0{Q) of oriented orthonormal frames in Q can be 
lifted to a Spin{q) bundle 0'{Q) so that the projection 0'{Q) — > 0{Q) 
induces the covering projection Spin{q) SO{q) on each fiber. 

Let F{Q),F+{Q),F-{Q) be the bundles of spinors 

F{Q) = O'iQ) xspinig) S, F±{Q) = O'iQ) Xgpinig) S±. 

Denote by Cl{Qx) the Clifford algebra of Qx, x G M. Recall that, relative to 
an orthonormal basis {/i, /2, . . . , fq} of Qx, Cl{Qx) is the complex algebra 
generated by 1 and fi, f2, ■ ■ ■ , fq with relations 

fafl3 + f/sfa = a, P = 1,2, . . . , q. 

Since dim Q = q is even End F{Q) bundle of algebras over M isomor- 

phic to the Clifford bundle Cl{Q). The action of an element a G Cl{Q) on 
F{Q) will be denoted by c(a). 

The transverse Levi-Civita connection V lifts to a connection V^*^*^) on 
the holonomy equivariant vector bundle F{Q), whose restriction to TT coin- 
cides with the Bott connection. It can be easily seen that V^^*^^ is a Clifford 
connection, that is, for any / G T^M and X G T^M, we have 

[V^/^\c{X)]=c{VfX). 

Let 

be the corresponding connection on F(Q) £. 

We will identify the bundle Q and Q* by means of the metric qm and 
define the operator D'^ acting on the sections of F{Q)®£ as the composition 

C°°{M,F{Q)®£)^ ^ C'=°{M,Q* ®F{Q)®£) 

= C^{M, Q ® F{Q) ®£)^ C°°{M, F{Q) £). 

This operator is odd with respect to the Z2-grading F(Q) ® £ = (F+(Q) ® 
£) e (F^iQ) <Si£). If /i, . . . , is a local orthonormal frame for T^M, then 

a=l 
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Denote by (•, ■)x the inner product in the fiber {F{Q) £)x over x E M. 
Then the inner product in L'^{M, F{Q) ® 8) is given by the formula 

(S1,S2)= / {si{x),S2[x))x^^M, Sl,S2 e L'^{M,F{Q) ^ £), 



where ojm = V det g dx denotes the Riemannian volume form on M. In the 
following lemma, we compute the formal adjoint {D'^)* of D'^ (see also 
and references therein). 

Lemma 7.1. We have 

(D',r = D',-c{r). 
Proof. For any si, S2 G C°°{M, F{Q) (^£),we have 

I /"[(^l>(c(/«)®l)s2).W + (si,v2«)®^(c(/„) 1)52)) 

Jm J 

-I'm ^^^'^"^ ^ l)*2)x]c^M + (Sl, {c{Vf^fa) 1)S2)^ 



Q=l 



Recall that, by the divergence theorem, for any vector field X on M and 
a £ C°°(M), we have 

X{a){x)uJM = — div(X) • a{x)ujM- 
M Jm 

Let ei, 62, • • • , Cp be a local orthonormal frame in TJ^. Then the divergence 
div(X) of X is given by the formula 

p q 
(13) div(X) =^5Af(efc,Ve,X) + ^5M(//3,Vy,X). 

k=l (3=1 

In particular, it is easy to see that 

q 

div(/a) = -guir + ^ V/^//3, /„). 

13=1 

Using the divergence theorem, we easily get 
q 



yZl- f 1)S2)J'^M + (si,(c(V/„/„) 1)S2) 

a=l^ 

= -(si,(c(r)®l)s2), 

that completes the proof. □ 
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By this lemma, the operator 

is self- adjoint. This operator will be called the transverse Dirac operator. It 
was introduced in [llj (see also [12\ ITBj and references therein) . 

We will use the Riemannian volume form uj m to identify the half-densities 
bundle with the trivial one. So the action of on half-densities is defined 
by 

Ds{u\ujm\'^^) = {D£u)\ujm\'^\ u G C°°(M,F(Q) 

8. The transverse signature operator 

In this section, we will discuss a particular example of a transverse Dirac 
operator given by the transverse signature operator. 

As above, let (M, T) be a compact Riemannian foliated manifold equipped 
with a bundle- like metric qm- 

Lemma 8.1. Let /i,/2,---,/g be a local orthonormal basis of M and 
ftJh---^fq be the dual basis of M* . Then on C'^{M,AT^M*) we 
have 

Q 

a=l 

q 

a=l 

Proof. Denote d'^ = J2a=i^.fi^ fa- Then the operators dn and d'j^ satisfy 
the Leibniz rule and, clearly, coincide on functions. It remains to show that 
they agree on the space C'^{M,T^ M*) of transverse one-forms. Using an 
exphcit formula for dn and (fT2|) . for any uj G C°°{M,T^ M*) and for any 
U,V e C°°(M, T^M), we get 

dHio{U, V) = U[u;{V)] - V[u{U)] - u;{Ph[U, V]) 

= Vuuj{V) + oj{VuV) - Vvuj{U) - uj{VvU) - uj{Ph[U, V]) 
= Vuuj{V)-Vvio{U). 

Now, since U = J2a{fa^ U)fa and V = J^aifa^ V)fa, we obtain 

Vuu;{V)-Vvi^{U)=^m,U)VfMV)-{ra,V)VfMU)) = d'Hio{U,V), 

a 

that proves the first equality. 

The second equality can be easily derived from the first one, if we take 
the adjoints and use the divergence theorem. □ 
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To represent the transverse signature operator Dh = dn + d*^^ as a trans- 
verse Dirac operator, we take £ = F(Q)*. By Lemma 18. 1^ we have the 
following formula for the corresponding transverse Dirac operator Dpt^Qy: 

a=l 

= du + dH- ^(er* + v)- 

So we see that the transverse signature operator Dh coincides with the 
transverse Dirac operator Dp(^Qy if and only if r = 0, that is, all the leaves 
are minimal submanifolds. 

Example 8.2. Consider a foliation JF on a compact manifold M given by 
the fibers of a principal /C-bundle f : M ^ B with connection, where K is 
a compact group. Fix a Riemannian metric on B and a bi-invariant metric 
on K, and consider the corresponding Kaluza-Klein metric on M. 

For any irreducible unitary representation p of -ftT in a vector space Wp, 
consider the associated Hermitian vector bundle Ep = M x p Wp over B. It 
is well-known that there is a natural identification of the space C°°{B,Ep) 
with the space Fp of smooth functions f : M ^ Wp satisfying f{x-k) = 
p{k)~^f{x) for any x £ M and k £ K. We denote by C°°{M)p the isotypical 
component of p in C°°(M). So we have 

C7~(Af) = 0C7°°(M)p. 

The following lemma is a generalization of the usual Peter- Weyl theorem to 
bundles (see, for instance, [15j Lemma 5.3]). 

Lemma 8.3. The mapping 

Jp:C^{B,Ep)®W;^C^{M), f r] ^ f„ 

where 

is a unitary isomorphism onto C°°{M)p, which is K-equivariant with respect 
to the representation 1 p* on C°°{B,Ep) W*. 

Next, the transverse de Rham differential dn commutes with the natural 
action of IT on C~(M, A*r^M*). Therefore, dn maps C°°(M, A*r^M*)p 
to C°°{M, K*T^M*)p. Let V-^" : C°°{B, A*T*B O Ep) C°°(S, A*T*B ® 
Ep) is the exterior covariant derivative associated with the connection. By 
definition (see, for instance [10]), under the isomorphism Jp, the restriction 
of dn to C°°{M,A*T^M*)p corresponds to the operator V-^" (g) Iw* on 
C°^{B, A*T*B (gi Ep) (g) W*. Since the isomorphism Jp is unitary, the similar 
statement holds for dir. 
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Thus, we have the commutative diagram 

C^{B, A*T*B Ep) ® W* ^ C7~(S, A*T*B ® Ep) ® W* 



C°°(M,A*r^M*)p C°°{M,A*T"M*)p 

where D^p = \J^p + (V^'')* is the twisted signature operator on B with 
coefficients in the vector bundle Ep. It shows that, in this case, the trans- 
verse signature operator Dh = dn + d*^ decomposes into a direct sum of 
twisted signature operators on the base B with coefficients in vector bundles 
associated with irreducible representations of K. 

9. The subprincipal symbol of a transverse Dirac operator 

In this section we compute the transverse bicharacteristic flow of trans- 
verse Dirac operators. For this, we will use the following fact (see, for 
instance. Pi Proposition 4.3.1]). 

Theorem 9.1. Let P £ ^"^{X) be a properly supported pseudodifferential 
operator on a smooth manifold X. For any a G C°°(X, |TX|^/^) and for 
any real-valued function cp £ C°°(X) we have 

^-ismp{^f.is4>a){x) = s'"pmix,d(Pix)) ■ a{x) 

+ s""'^ (psubix, d(t>ix)) ■ a{x) + -{£ya){x)] + 0(5™-^), s ^ oo. 



where v is a vector field on X: 

= = 7r*(Xp(x,#(x))), 

^ dij dxj 

Xp is the Hamiltonian vector field of pm on T*X, 7r*(Xp(x,^)) G T^X is the 
image of Xp{x,^) £ T(^x,()(T*X) under the projection tt : T*X X. 

Here denotes the Lie derivative along v, acting on half-densities: for 
any / G C°°(X), we have 

jCMM'^') = v{f)\uJx\'/' + ^divv /l^xl'/'. 

This theorem remains to be true for operators acting on sections of a vector 
bundle E over X locally, that is, if we fix a trivialization of E over some 
open subset of X. 

Let M be a compact manifold equipped with a Riemannian foliation of 
even codimension q, £ a Hermitian vector bundle over M equipped with a 
leafwise flat unitary connection V^, gA/ a bundle- like metric on M and 
the associated transverse Dirac operator. 
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Theorem 9.2. The principal symbol of is given by 

(14) a2(:E,0 =/'(P^(x,e),^'^(x,6), {^,0 G T*M, 

where g^^ is the induced metric on T*M , : T*M M* is the 

orthogonal projection. 

Proof. Let fi, . . . , fq be a local orthonormal basis of M, which consists 
of infinitesimal transformations of J-'. For any a G C°^{M,F{Q) Cg) £) and 
for any real- valued function (p £ C°°{M) we have 

(15) e-''^^''^Dj{e'''^a){x) 

= (E(<^") ® l)(V;f«)^^ - ^5A/(r, fa) + isfaicP)?! . 

The terms of order in (jlSp are 

Therefore, the principal symbol of is 

q 

a2ix,0 = ^{tfaix))\ (x,OgT*M, 

that completes the proof. □ 

It is easy to see that the 1-jets of the functions ^/a2, where 02 is the 
principal symbol of Dg, and 



p{x, = ^Jg^'{{x,0,{x,0), (x, 



£ T*M, 



coincide on N*T. So we can further work with the elliptic symbol p. 

The Hermitian connection sj^iQ)®^ determines uniquely a Hermitian par- 
tial connection along the Hamiltonian vector field Xp on tt* {F (Q) f^i £) , 
which satisfies 

(VxX^) (^) = ^ e C°°{M,F{Q)^£), 

where tt*s £ C°° {N* T , tt* {F (Q) £)) is the pull back of a section s £ 
C°°{M, F{Q) (g) £) under the projection vr : N*T M. 

If we fix a local orthonormal basis fi, . . . , fq of M, which consists of 
infinitesimal transformations of and a local trivialization of F{Q) ®£ and 

write = with some matrix-valued one form then, for 

s £ C'^{N*F,TT*{F{Q)(g£)), we have 

q 

{^x,s){u) = Xj,s{v) + \\v\\-^ ^{u, fa)B{fa)siu), V £ N*r. 



THE EGOROV THEOREM FOR TRANSVERSE DIRAC TYPE OPERATORS 23 

The geometric meaning of this partial connection is as follows. Recall 
that Xp generates the geodesic flow ft on N*T. For any v G N*T, the 
projection of the orbit Op = {ft{i^),t G M} to M is the geodesic ^u, passing 
through X = vr(z^). Then the parallel transport of u G 7r*{F{Q) £)i, along 
Oi, with respect to the connection coincides with the parallel transport 
of V considered as an element of {F{Q) (gi S)^ along the geodesic with 
respect to the connection \/^iQ)®^ , 

Theorem 9.3. The subprincipal symbol of (D^) considered as a partial 
connection V subiiDs)) on tt*{F{Q) £) coincides with Vx„- 



Proof. The terms of order s in (llSp are 

a=l f3=l 

13=1 a=l 

= z ^((c(/„)c(/^) + c(/^)c(/,)) l)/«(<^)(vg^)^^ - ^gM{r, fp)) 

a,f3 

+ iY.{c{fp)c{Vf^f^) +i5](c(//3)c(/„) l)fM<P) 

a,l3 a,l3 

= h+l2 + h. 

For the first term, we easily get 

a 

Let Vf^ff3 = Yl'y^l.pf'y- Since V is compatible with the metric, we have 
a^^ = —Oa^. Thus we get 

h =\ Y.^^<f^)c{yiJp) ® \)ffi{4>) + (c(/^)c(V/,/„) ® \)fo.m 

=\ E KM^M-i) ® i)//3(0) + ® i)/o 

= -\Y. [<(c(/a)c(/7) ® 1)//3(<A) + a^^(c(/^)c(^) 

/3,7 

= -i^(c(/«)c(/;3)®l)V/,//3(</'). 
a,/3 
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Finally, we have 

/3 =\ Y^MffsHfa) l)ff3fa{<P) + (c(/a)c(/^) l)/a//3(</')) 

a,f3 

a a, 13 



where we used the equality p2|) . 

From the last three identities, the terms of order s are 

a a 

a a, (3 

By Theorem 19. H we have 

Psub{x,d(j){x)) ■ a{x)\uJM\^^^ + -Cv{a\ujM\^^'^){x) 

= i-i E /"('^)« - 2^ E vji"^^^^" - ^^('^)« + ^ E 

a=l 0=1 a=l 

1 

-2'T.T.<fo.)cifp)niUJp)i<P)a)\u;M\'^^ 

a=l (3=1 

Now compute the vector field v: 

a=l 

and 



9 



2 E(#(^)> /«>/a = 2 E /"('^)/- 

Therefore, we have 

q Q 
CM^mI'^^) = 2 E fai(t>)faia)\u;M\^/^ + E div(/a(0)/a) • a^Af I'/'. 
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Let ei, 62, . . . , Cp be a local orthonormal frame in TT. Using (fT3]) . we easily 
compute 

^div(/,(0)/„) = -r(0) -j^Vf^fM- 

a=l a=l 13=1 

Finally, if we write vjj'^^®^ = /« + ^(/a) with some matrix-valued one 
form B, we get 

1 . q q 

Psubix, d(t>{x)) = -2i J2 U4')B{fa) - ^ E E <fMpWa. um, 

a=l a=l/3=l 

or, equivalently, 

q ■ q q 

Psubix, = -2i E(e, fa)B{U) - I E E <fMp){^, nfa, //3)>. 
a=l a=l 13=1 

The transverse subprincipal symbol of is 

q 

cJsuh{Dl){u) = -2i ^(z., G iV*.F. 

Since the principal symbol of is scalar, the formula proved in 

'ysuh{{De)) = ]^a{Dl)-'2cjsub{Dl), 

continues to hold and the transverse subprincipal symbol of {D^) is 

q 

Thus, the subprincipal symbol of ^Ds) is a partial connection 'V subiiDs)) 
on Tr*E along the Hamiltonian vector field Xp given by 

q 

a=l 

as desired. □ 

10. The noncommutative geodesic flow 

As stated in [?1J (see also [23]), any operator D, satisfying the assumptions 
of Section m defines a spectral triple in the sense of Connes' noncommutative 
geometry [21 [3] . In this setting, Theorem 16.11 has a natural interpretation in 
terms of the corresponding noncommutative geodesic flow. 

More precisely, consider spectral triples {A,Ti.,D) associated with a com- 
pact foliated Riemannian manifold (M, J^) (see |23j for more details) : 
(1) The involutive algebra A is the algebra C^{G, |rg|i/2). 
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(2) The Hilbert space Ti is the space L'^{M,E) of L^-sections of a holo- 
nomy equivariant Hermitian vector bundle E, on which an element 
k of the algebra A is represented via the *-representation Re\ 

(3) The operator D is a first order self-adjoint transversally elliptic oper- 
ator with the holonomy invariant transversal principal symbol such 
that the operator has the scalar principal symbol. 

Let S*A denote the unitary cotangent bundle and 7t the noncommutative 
geodesic flow associated with {A^TL^D) (see [23] for definitions in the non- 
unital case). Thus, S*A is a C*-algebra and 7^ is a one-parameter group of 
its automorphisms. 

The transversal bicharacteristic flow Ad(at)* of the operator {D) extends 
by continuity to a strongly continuous one-parameter group of automor- 
phisms of the algebra S^{Gj^j^,£.{n*E) (gi iT^jvl^''^)) the uniform closure of 
S°{G^^,£{Tr*E) (g) |re?iv|^/^) (see [23]). 

Theorem 10.1. Let {A,TC,D) be a spectral triple associated with a compact 
foliated Riemannian manifold (M, T) as above. There exists a surjective 
homomorphism of involutive algebras 

P:S*A^ 5°(G^^,£(^*S) ITGnI^/'^) 

such that the following diagram commutes: 

S*A S*A 

(16) 

S^{Gr^,C{7r*E)^\TgM'^'') S^{Gr^,£{7T*E)^\TgM'^'') 

Here the map P is induced by the principal symbol map a, and the 
theorem is a simple consequence of the results of [23j and Theorem 16. 11 
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